
Seminar on Characteristic cycles, after Takeski Saito
Spring 2020, Wednesday 10-12, UZH Y27 room H25

Overview
This seminar is devoted to the study of characteristic cycles defined by Takeshi Saito in [7].

Let X be a smooth and projective variety of dimension d over a perfect field of characteristic
p, and F a Q`-sheaf on X. The singular support SS(F) of F , defined by Beilinson [1], is a closed
subscheme of T ∗X, the cotangent bundle of X. All its irreducible components C1, . . . , Ck are of
dimension d. The characteristic cycle CC(F) of F is a cycle supported on SS(F) :

CC(F) =
k∑

i=1

ni[Ci],

where ni ∈ Z. The coefficients ni are defined using a generalization of Milnor’s formula for the
number of vanishing cycles.

Its main interest is that is can be used to compute the Euler-Poincaré characteristic of F by the
following index formula :

χ(X,F) = (CC(F) · T ∗
XX)T∗X ,

where T ∗
XX is the zero section. This provides a generalization to higher dimension of the Grothendieck-

Ogg-Shafarevich formula.
For an overview of the subject, together with some examples, one can look at [6], notes by Lars

Kindler of a series of Lectures given by Saito at Berlin in 2015. The results presented are sometimes
weaker than in the published article. For example, the characteristic cycle has coefficients in Z[ 1p ], it
was only proven afterwards that its coefficients are integers. One can also look at [8], a more recent
set of notes of lectures by Saito in Cartage.

List of talks
Talk 0: (04/03) Repartition of the talks

Talk 1: (11/03, Artem) Swan conductor and Grothendieck-Ogg-Shafarevich formula

Define the Swan conductor of an `-adic sheaf on a curve, state and sketch the proof of the
Grothendieck-Ogg-Shafarevich formula.

Reference : [4], [2]

Talk 2: (18/03, Arthur) Semi-continuity of the Swan conductor

Follow the exposition of Laumon [5] : introduce the vanishing cycles functors (1.3), define
universally acyclic (1.4), and state the semi-continuity theorem 2.1.1. Sketch the proof (skipping
the constructibility) using 5.1.1. Admitting the deformation 6.1.1, explain why 5.1.1 follows
from the Grothendieck-Ogg-Shafarevich.

End by stating without proof Proposition 2.16 of [7]

Talk 3: (25/03, Emil) Conical subsets of the cotangent bundle

Introduce the notions of C-transversality (for C ⊂ T ∗X a closed conical set, for morphisms
h : W → X and and also for f : X → Y and pairs of morphisms), following [8], section 1.1.
(See also [7], section 3 and [1], section 1.1, [6], lecture 1)

Introduce the Legendre transform and its properties with respect to C-transversality ([8], section
1.2).

(01/04) no talk
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Talk 4: (08/04, Nicolas) Local acyclicity and micro-support

Introduce the notion of universally locally acyclic for a morphism f : X → Y with respect to
a sheaf F on X ([8], section 1.3), the micro-support of a sheaf ([8], section 1.4) and finally the
definition of the singular support of a sheaf ([8], section 1.5). State the mains theorems of [1]
(1.5.4 and 1.5.5 in [8]) to be proven in the next talk.

See also [7] section 4.1, [1], [6] lectures 1-2.

(15/04) no talk (Easter break)

Talk 5: (22/04, Dahli) Singular support

Prove the main theorem of [1] : existence of the singular support and the dimension of its
irreducible components. For this follow the steps of [8], section 1.6 : introduce the Radon
transform and use the facts proven on the Legendre transform earlier.

See also [1], [6] lecture 2.

Talk 6: (29/04, Lorenzo) Milnor formula and isolated characteristic points

Recall the Milnor fomula for the total number of vanishing cycles of a constant sheaf ([3]).

Define the notion of isolated C-characteristic point and intersection number associated to such
points (Definition 5.3 in [8]). Using results from section 5.1, state and prove lemma 5.4 : the
computation of intersection number of isolated C-characteristic points in the case of a morphism
defined by pencils.

See also [8] section 2.1, [6] lecture 3.

Talk 7: (06/05, Alberto) Characteristic cycle

Define the characteristic cycle of a constructible sheaf ([7], theorem 5.9 and definition 5.10 )
Give examples and prove the theorem 5.8 (via stating and proving proposition 5.8)

If time permits, state some stability properties of the characteristic cycle (lemmas and propo-
sitions at the end of section 5.3)

See also [8] section 2.1, [6] lecture 3.

Talk 8: (13/05, Doosung) Characteristic class

After recalling the definition and properties of the Chow ring ([7], section 6.1), define the
characteristic class (Definition 6.7), state and prove lemma 6.9 and 6.11. Explain why if diagram
6.16 was commutative, the index formula would follow.

See also [8] sections 2.1 and 2.2, [6] lecture 3.

Talk 9: (20/05) Pull-back of characteristic cycles

State the stability properties of the characteristic cycle previously omitted (end of section 5.3
of [7])

Prove the stability by pull-back of the characteristic cycle ([7], section 7.1, see also the erratum
to Proposition 7.4)

See also [8] sections 2.1 and 2.2, [6] lecture 3.

Talk 10: (27/05) The index formula

Finish the proof of the index formula ([7], theorem 7.13) by studying the compatibility of the
characteristic cycle with respect to the Radon transform ([7], section 7.2)

See also [8] sections 2.1 and 2.2, [6] lecture 3.
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